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Abstract
The so-called “massive 11-dimensional supergravity” theory gives, for one Killing
vector, Romans’ massive 10-dimensional supergravity in 10 dimensions, for two Killing
vectors an Sl(2,Z) multiplet of massive 9-dimensional supergravity theories that can
be obtained by standard generalized dimensional reduction type IIB supergravity
and has been shown to contain a gauged supergravity.
We consider a straightforward generalization of this theory to three Killing vectors
and a 3 × 3 symmetric mass matrix and show that it gives an Sl(3,Z) multiplet
of 8-dimensional supergravity theories that contain an SO(3) gauged supergravity
which is, in some way, the dual to the one found by Salam and Sezgin by standard
generalized dimensional reduction.
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Introduction
Massive and gauged supergravity theories are fascinating theories in which there has been
much interest recently due to their connections, as effective string theories, with Malda-
cena’s AdS/CFT correspondence conjecture.
It is clear that there is a lack of understanding of many basic features of these theories.
One of the main puzzles is their origin from compactification of higher-dimensional theories.
This is the case of Romans’ massive N = 2A, d = 10 supergravity [1] which, according to
the standard lore, should have its origin in 11-dimensional supergravity but so far it has
been impossible to obtain from it by standard methods.
To explain the 11-dimensional origin of Romans’ massive N = 2A, d = 10 supergravity
a massive 11-dimensional theory, containing a mass parameter and an explicit Killing
vector in its action, was proposed in Ref. [2]. Dimensional reduction of the theory in the
direction of the Killing vector gives Romans’ theory. The construction of this theory was
based on the fact that one could derive the effective action of some supersymmetric solitons
of Romans’ theory from 11-dimensional gauged sigma models, in which the gauging was
associated to a single Killing isometry of the background [3] and the theory was interpreted
as the theory resulting from 11-dimensional supergravity in a background consisting of a
KK-brane, with 9 spatial worldvolume dimensions and one special isometric direction that
had to be compact, just as the special isometric direction of the KK monopole has to be
compact.4 We will have more to say about the interpretation of this kind of theories later.
In Ref. [5] the massive 11-dimensional theory of Ref. [2] was generalized in order to
maintain some sort of S duality covariance of theory compactified on T 2: the origin of the
S duality (Sl(2,Z)) symmetry of the 9-dimensional theory is simply the reparametrization-
invariance of the internal manifold. This symmetry was broken by the presence of the
KK-brane in one of the compact directions but one could introduce a second KK-brane
in the orthogonal internal direction. Then, Sl(2,Z) transformations bring us from one
background with two given KK-branes to an S dual background. The generalized 11-
dimensional massive theory has 2 commuting Killing vectors
ˆˆ
k(m)
ˆˆµ n = 1, 2 appearing
explicitly in the action and a symmetric mass matrix Qmn whose entries could be related
to brane charges. Dimensional reduction of this theory in the direction of the two Killing
vectors gives the 9-dimensional massive theories of Ref. [5] that can also be obtained by
GDR from type IIB supergravity.
Recently, Cowdall [6] realized that this 9-dimensional contains the long sought-after
D = 9 N = 2 gauged supergravity theory. To show this explicitly, he had to perform a few
field redefinitions and eliminate 2 of the 3 vector fields through massive gauge transforma-
tions (i.e. letting them be eaten up by the 2 2-forms that then become massive) and then
it could be seen that the resulting action has a SO(2) gauge symmetry. This SO(2) is also
the R-symmetry of the d = 9 N = 2 supertranslation algebra, so that the identification
of the found theory with the gauged supergravity theory is obvious. It should be stressed
that the local SO(2) symmetry does not arise in any special singular limit but that it is
4The effective theory of the KK monopole is also a gauged sigma model of the same kind [4].
2
already present in the original massive theory albeit in a rather unconventional form due
to the presence of additional massive parameters.
The question arises immediately as to whether this new connection between massive
and gauged supergravities is more general and why there is such relation at all. Our goal
in this work is to investigate this relationship by exploring new examples of massive and
gauged supergravities. At the same time we will study their 11-dimensional origin.
Let us first describe the new massive supergravity theories we present in this paper
and how we are going to obtain them. It should be clear that the massive 11-dimensional
theory of Refs. [2, 5] can be further generalized by allowing the index n to go from 1 to 3,
for instance, i.e. having 3 commuting Killing vectors in 11 dimensions (all the fields being
independent of the 3 associated coordinates) and a 3×3 symmetric mass matrix Qmn. This
theory would give a standard fully general-covariant theory in d = 8 upon reduction in the
directions of the 3 Killing vectors that now appear explicitly in the action. This would be a
massive theory (in fact a full Sl(3,Z) multiplet of massive theories,5 with the mass matrix
Qmn transforming under Sl(3,Z)), but we may ask ourselves whether such a theory really
is a supergravity theory, given that only the bosonic sector was considered in Refs. [2, 5].
It should be clear that the same theory could be obtained by standard procedures known
to preserve supersymmetry: first, we can perform the standard dimensional reduction of
the massive 9-dimensional supergravity theories of Ref. [5] to 8 dimensions. The resulting
theory is a massive supergravity theory with a 2 × 2 mass matrix. The massless theory
has an Sl(3,Z) × Sl(2,Z) duality group and we could simply perform general Sl(3,Z)
transformations in the massive theory to introduce new mass parameters.6 This procedure
should preserve supersymmetry and give the same massive 8-dimensional theory, but it is
difficult to implement in practice. Our proof that the theory we obtain is indeed a good
standard supergravity theory will be to establish its relation to a well-known supergravity
theory as we are going to explain shortly.
Does this new massive supergravity theory contain a gauged supergravity? In d = 8
the R-symmetry group of the superalgebra is SO(3) which is just the local invariance of
the scalars inM ∈ Sl(3,R)/SO(3). An SU(2) d = 8 gauged supergravity was obtained by
Salam and Sezgin by means of Scherk-Schwarz generalized dimensional reduction [8] from
11-dimensional supergravity in Ref. [8]. Then, a gauge theory exists and we want to know
if our massive 8-dimensional theory contains it. Since both 8-dimensional theories have
very different 11-dimensional origins this is a non-trivial test of our ideas.
We are going to show that indeed the massive theory contains a gauge theory but we
are going to go further: the massive theory is really nothing but an SO(3) gauged theory
in disguise in which a non-standard basis of the so(3) Lie algebra is used and in which
5The classical theory has continuous duality groups: Sl(3,R)× Sl(2,R) that are broken by quantum-
mechanical effects to the discrete subgroups Sl(3,Z) × Sl(2,Z). To the same conclusion one arrives by
considering the preservation of the periodic boundary conditions of the coordinates in the internal dimen-
sions. All our results will be classical and we will not pay much attention to these details unless strictly
necessary.
6This is analogous to the procedure used to construct new duality-covariant families of black-hole
solutions. see e.g. [7].
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Stu¨ckelberg fields are present so the mass terms of some fields look like field strengths.
The theory is directly SO(3) gauge invariant and, at the same time it has massive gauge
invariance. There is no need to take any particular limit and removing the Stu¨ckelberg
fields and going to a standard basis of so(3) is just a matter of esthetics and choice and,
at the same time, of maintaining Sl(3,R) covariance in the sense of Refs. [5, 9].
What is the relation of this theory to Salam and Sezgin’s? The theory turns out to be
very similar but, there are two subtle, but important, differences: first of all, the SO(3)
vectors in Salam and Sezgin’s (SS) theory are the Kaluza-Klein (KK) vectors while in the
theory that we are going to derive from the 11-dimensional construction of Refs. [2, 5],
the SO(3) vectors are associated to membranes wrapped on 2 cycles of the T 3 we are
compactifying on. Secondly, the potential in the SS theory comes with a factor 1/ℑm(τ)
where τ is the complex scalar field in the Sl(2,R)/SO(2) coset while in our case the
potential carries a factor |τ |2|/ℑm(τ). This factor is precisely the S dual of the one in SS
(i.e. they are related by the Sl(2,R) transformation τ → −1/τ) in the ungauged, massless
theory and we will see that the KK vectors are also the S dual of the vectors coming from
the 11-dimensional 3-form (also in the ungauged, massless, theory because the gauging
explicitly breaks S duality).
It is clear, then, that if we wanted to obtain gauged 8-dimensional supergravity from
the ungauged theory by the standard gauging procedure, we could have chosen to gauge the
KK vectors and we would have obtained the SS theory or we could have chosen to gauge
the vectors associated to membranes wrapped on 2 cycles and we would have obtained our
theory. Both theories are related by an S duality transformation which is not a symmetry,
neither of the theory nor of the equations of motion but related two different theories. The
S duality transformation can also be understood as a field redefinition. In the first case
we could have explained its 11-dimensional origin in more or less standard terms but in
the second only by appealing to the ideas of Refs. [2, 5] we could get some 11-dimensional
understanding. This is essentially our main result.
The rest of the paper is organized as follows: in Section 1 we perform the dimensional
reduction of 11-dimensional supergravity to d = 8. In Section 2 we perform the dimensional
reduction of massive 11-dimensional supergravity to d = 8 dimensions to obtain an Sl(3,R)
multiplet of massive d = 8 supergravity theories with SO(3) gauge symmetry. In Section 3
we study the vacua of this theory. In Section 4 we present our conclusions, comment on
possible interpretations and future directions of work.
1 Direct dimensional reduction of D = 11 Supergrav-
ity on T 3
Our goal in this section is to perform the standard dimensional reduction of 11-dimensional
supergravity to obtain the theory describing the massless fields that arise in the compactifi-
cation of that theory on T 3. 11-dimensional supergravity was compactified to 8 dimensions
by Salam and Sezgin in Ref. [10], but they used Scherk and Schwarz’s GDR [8] to com-
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pactify on an SU(2) internal manifold to obtain a SU(2) gauged d = 8 supergravity. The
gauged theory does not exhibit all the duality symmetries of the ungauged one. In partic-
ular, gauging usually break all electric-magnetic dualities. Since we are interested in the
theory with all its dualities and its corresponding massive version, we start by the standard
dimensional reduction of 11-dimensional supergravity.
1.1 d = 11 Supergravity
The bosonic fields of N = 1, d = 11 supergravity are the Elfbein and a 3-form potential7
{
ˆˆe ˆˆµ
ˆˆa,
ˆˆ
C ˆˆµˆˆνˆˆρ
}
. (1.1)
The field strength of the 3-form is
ˆˆ
G = 4 ∂
ˆˆ
C , (1.2)
and is obviously invariant under the gauge transformations
δ
ˆˆ
C = 3 ∂ ˆˆχ , (1.3)
where ˆˆχ is a 2-form.
The action for these bosonic fields is
ˆˆ
S =
∫
d11 ˆˆx
√
|ˆˆg|
[
ˆˆ
R − 1
2·4!
ˆˆ
G 2 − 1
64
1√
|ˆˆg|
ˆˆǫ ∂
ˆˆ
C ∂
ˆˆ
C
ˆˆ
C
]
. (1.4)
1.2 Dimensional Reduction
The KK Ansatz for the Elfbein is
(
ˆˆe ˆˆµ
ˆˆa
)
=

 eµ
a em
iAmµ
0 em
i

 , (ˆˆe ˆˆa ˆˆµ
)
=

 ea
µ −Ama
0 ei
m

 , (1.5)
where Ama = ea
µAmµ. We define the internal metric on T
3 by
Gmn = em
ien j = −emienjδij . (1.6)
Under global transformations in the internal space
xm ′ =
(
R−1 T
)m
n x
n + am , R ∈ GL(3,R) , (1.7)
objects with internal space indices (the internal metric G = (Gmn) and the KK vectors
~Aµ = (A
m
µ)) transform as follows:
7Index conventions: ˆˆµ (ˆˆa) are curved (flat) 11-dimensional, µ (a) are curved (flat) 8-dimensional, and
m (i) are curved (flat) 3-dimensional (compact space). Our signature is (+− · · · −).
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G′ = RGRT , ~A′µ = (R
−1)T ~Aµ . (1.8)
We know that GL(3,R) can be decomposed in Sl(3,R) × R+ × Z2 and any matrix R,
forgetting its Z2 part (we will focus on GL(3,R)/Z2 ∼ Sl(3,R) × R+), can therefore be
decomposed into
R = cΛ , Λ ∈ Sl(3,R) , c ∈ R+ . (1.9)
We want to separate fields that transform under the different factors. First we define the
symmetric Sl(3,R) matrix
M = −G/|det G|1/3 , (1.10)
and the scalar
√
|det G| = e−ϕ . (1.11)
Now, under Sl(3,R) only M and ~Aµ transform:
M′ = ΛMΛT , ~A′µ = (Λ−1)T ~Aµ , (1.12)
that is, ~Aµ transforms contravariantly, while under R
+ rescalings only ϕ and ~Aµ transform:
ϕ′ = ϕ− log c , ~A′µ = c ~Aµ . (1.13)
For future convenience, we label the KK vector with an upper index 1, i.e. A1mµ.
Using the standard techniques, the above Elfbein Ansatz, and rescaling the resulting
8-dimensional metric to the Einstein frame
gµν = e
ϕ/3gE µν , (1.14)
one finds
∫
d11 ˆˆx
√
|ˆˆg|
[
ˆˆ
R
]
=
∫
d8x
√|gE| [RE + 12 (∂ϕ)2
+1
4
Tr (∂MM−1)2 − 1
4
e−ϕF 1mMmnF 1n
]
,
(1.15)
where
F 1m = 2∂A1m . (1.16)
The kinetic term for M is just an Sl(3,R)/SO(3) sigma model.
The fields arising from
ˆˆ
C ˆˆµˆˆν ˆˆρ are {Cµνρ, Bµν m, A2mµ, a}. We decompose the 11-dimensional
3-form by identifying objects with flat 11- and 8-dimensional flat indices (up to factors
coming from the rescaling of the metric) as
6
ˆˆ
C abc = e
−ϕ/2Cabc ,
ˆˆ
C abm = e
−ϕ/3Bmab ,
ˆˆ
C amn = ǫmnpe
−ϕ/6A2 pa ,
(1.17)
which implies, for curved components
ˆˆ
C µνρ = Cµνρ + 3A
1m
[µB|m| νρ] + 3ǫmnpA
1m
[µA
1n
νA
2 p
ρ] + ǫmnp aA
1m
[µA
1n
νA
1 p
ρ] ,
ˆˆ
C µν m = Bmµν + 2ǫmnpA
1n
[µA
2 p
ν] + ǫmnp aA
1n
[µA
1 p
ν] ,
ˆˆ
C µmn = ǫmnpA
2 p
µ + ǫmnpaA
1 p
µ ,
ˆˆ
C mnp = ǫmnp a .
(1.18)
These fields inherit the following gauge transformations from 11-dimensional gauge and
general coordinate transformations of
ˆˆ
C :
δC = 3∂Λ − 6A1m∂Λm + 3ǫmnpA1mA1n∂Λ2 p ,
δBm = 2∂Λm − 2ǫmnpA1n∂Λ2 p ,
δA2m = ∂Λ2m .
(1.19)
In particular we see that this choice implies that these potentials do not transform under
reparametrizations of the internal torus δA1m = ∂Λ1m. The gauge-invariant field strengths
of the above fields are
G = 4∂C + 6F 1mBm ,
Hm = 3∂Bm + 3ǫmnpF
1nA2 p ,
F 2m = 2∂A2m ,
(1.20)
and lead to the following non-trivial Bianchi identities:
∂G = 2F 1mHm ,
∂Hm =
3
2
ǫmnpF
1nF 2 p ,
(1.21)
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Using now
ei
m ej
n ek
p ǫmnp = det(e
−1) ǫijk , (1.22)
with det(e−1) = eϕ, we get the following decomposition of the 11-dimensional 4-form field
strength into the above 8-dimensional field strengths:
ˆˆ
G abcd = e
−2ϕ/3Gabcd ,
ˆˆ
G abc i = e
−ϕ/2ei
mHmabc ,
ˆˆ
G ab ij = e
2ϕ/3 ǫijk ep
k [F 2 pab + aF
1 p
ab] ,
ˆˆ
G a ijk = e
5ϕ/6 ǫijk ∂a a .
(1.23)
We can now reduce the kinetic term of the 11-dimensional 3-form. The result can be
combined with the result of the reduction of the Einstein-Hilbert term, giving
∫
d11ˆˆx
√
|ˆˆg|
[
ˆˆ
R − 1
2·4!
ˆˆ
G 2
]
=
∫
d8x
√|gE|
[
RE +
1
4
Tr (∂MM−1)2 + 1
4
Tr (∂WW−1)2
−1
4
F imMmnWijF j n + 12·3!HmMmnHn − 12·4!e−ϕG2
]
,
(1.24)
where we have introduced the symmetric Sl(2,R)/SO(2) matrix
W = 1ℑm(τ)

 |τ |
2 ℜe(τ)
ℜe(τ) 1

 , (1.25)
whet τ is the standard complex combination
τ = a+ ie−ϕ . (1.26)
Let us now reduce the Chern-Simons term also using tangent space indices and taking
into account the definition, in any dimension
ǫµ1···µd =
√
|g| ǫa1···adea1µ1 . . . eadµd . (1.27)
The final result is8
8One of our coefficients differs from the corresponding in Ref. [10]. Our Chern-Simons term has been
explicitly checked to be gauge-invariant.
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S =
∫
d8x
√|gE|
{
RE +
1
4
Tr (∂MM−1)2 + 1
4
Tr (∂WW−1)2
−1
4
F imMmnWijF j n + 12·3!HmMmnHn − 12·4!e−ϕG2 ,
− 1
63·24
1√
|gE|
ǫ [GGa− 8GHmA2m + 12G(F 2m + aF 1m)Bm
−8ǫmnpHmHnBp − 8G∂aC − 16Hm(F 2m + aF 1m)C]} .
(1.28)
The kinetic terms (except for that of C) are explicitly invariant under Sl(2,R) trans-
formations
W ′ = ΛWΛT , F im ′ = F j m (Λ−1)
j
i , Λ ∈ Sl(2,R) , (1.29)
and Sl(3,R) transformations
M′ = KMKT , F im ′ = F i n (K−1)
n
m , H ′m = Km
nHn , K ∈ Sl(3,R) . (1.30)
The kinetic term of C and the Chern-Simons term are not invariant as a matter of fact.
However, let us look into the equations of motion of C. We can write them, together with
the Bianchi identity, in the following form:
∂Gi = 2F imHm , (1.31)
where
G1 ≡ G , G2 ≡ −e−ϕ⋆G− aG . (1.32)
Gi transforms as a doublet under Sl(2,R) (just like the doublet F im) and therefore,
the above equation of motion is covariant under Sl(2,R) electric-magnetic duality transfor-
mations. The remaining equations of motion are covariant under Sl(2,R) transformations
as well. The structures are very similar to those of N = 4, d = 4 supergravity (see
e.g. Ref. [11]), the obvious difference being that in four dimensions we dualize 2-form field
strengths and in eight dimensions we dualize 4-form field strengths. This duality was first
described in Ref. [12] and is part of a series of electric-magnetic dualities present in type II
theories in any dimension (the 6-dimensional version was studied in Ref. [13] and a general
discussion can be found in Ref. [14]).
Let us summarize our results: the 8-dimensional supergravity theory we have just
obtained has, then, the bosonic fields
{gµν , C, Bm, A1m, A2m, a, ϕ,Mmn} , (1.33)
with field strengths given by Eqs. (1.16, 1.20) and action given by Eq. (1.28). The scalars
parametrize Sl(3,R)/SO(3) and Sl(2,R)/SO(2) sigma models. The action has the global
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invariance group Sl(3,R) but the equations of motion are also invariant under Sl(2,R)
electric-magnetic duality transformations.
2 Dimensional Reduction of Massive 11-Dimensional
Supergravity
In this section we are going to perform the dimensional reduction to eight dimensions of a
further generalization of the massive 11-dimensional theory proposed in Refs. [2, 5]. We are
going to use the same field definitions as in the previous section since we want to recover
that theory in the massless limit. First we start by describing the massive 11-dimensional
theory.
2.1 Massive 11-Dimensional Supergravity
The theory we are considering has three Killing vectors
ˆˆ
k(n), which are defined by
ˆˆ
k(m)
ˆˆµ∂ˆˆµ = ∂m → ˆˆk(m)
ˆˆµ ˆˆk(n)
ˆˆν ˆˆg ˆˆµˆˆν = Gnm , (2.1)
and a symmetric matrix Qmn, which we will leave arbitrary for the moment. With these
elements and the 2-form gauge parameter ˆˆχ we construct the massive gauge parameter9
ˆˆ
λ(n) ≡ −iˆˆ
k(m)
ˆˆχQnm , (2.2)
and define the massive gauge transformations of the two 11-dimensional fields:


δˆˆχ
ˆˆg ˆˆµˆˆν = 2
ˆˆ
λ(n)(ˆˆµ
ˆˆ
k(n)
ˆˆρˆˆg ˆˆν)ˆˆρ ,
δˆˆχ
ˆˆ
C = 3∂ ˆˆχ + 3
ˆˆ
λ(n)
(
iˆˆ
k(n)
ˆˆ
C
)
.
(2.3)
The 4-form field strength is given by
ˆˆ
G = 4∂
ˆˆ
C + 3
(
iˆˆ
k(m)
ˆˆ
C
)
Qmn
(
iˆˆ
k(n)
ˆˆ
C
)
. (2.4)
The proposed 11-dimensional massive supergravity then reads10
9iˆˆ
k
ˆˆ
T stands for the contraction of the last index of the tensor
ˆˆ
T with the vector
ˆˆ
k.
10This action is the same as in Ref. [5] but here we have taken the contorsion part out of the connection
used in the curvature.
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ˆˆ
S =
∫
d11 ˆˆx
√
|ˆˆg|
{
ˆˆ
R
(
ˆˆg
)
+ 1
2
(
d
ˆˆ
k(n)
)
ˆˆµˆˆνQ
nm
(
iˆˆ
k(m)
ˆˆ
C
)
ˆˆµˆˆν − 1
2·4!
ˆˆ
G 2
− ˆˆK ˆˆµˆˆνˆˆρ ˆˆK ˆˆν ˆˆρˆˆµ + 12
(
ˆˆ
k(n) ˆˆµQ
nm ˆˆk(m)
ˆˆµ
)2
−
(
ˆˆ
k(n) ˆˆµQ
nm ˆˆk(m) ˆˆν
)2
− 1
64
ˆˆǫ√
|ˆˆg|
{
∂
ˆˆ
C ∂
ˆˆ
C
ˆˆ
C + 9
8
∂
ˆˆ
C
ˆˆ
C
(
iˆˆ
k(n)
ˆˆ
C
)
Qnm
(
iˆˆ
k(m)
ˆˆ
C
)
+27
80
ˆˆ
C
[(
iˆˆ
k(n)
ˆˆ
C
)
Qnm
(
iˆˆ
k(m)
ˆˆ
C
)]2}}
,
(2.5)
where we have defined a contorsion tensor
ˆˆ
K ˆˆaˆˆbˆˆc =
1
2
(
ˆˆ
T ˆˆaˆˆcˆˆb +
ˆˆ
T ˆˆ
bˆˆcˆˆa
− ˆˆT ˆˆaˆˆbˆˆc
)
, (2.6)
and where the torsion is defined by
ˆˆ
T ˆˆµˆˆν
ˆˆρ = −
(
iˆˆ
k(n)
ˆˆ
C
)
ˆˆµˆˆν
Qnm
ˆˆ
k(m)
ˆˆρ . (2.7)
Note that when considering the above theory defined with n Killing vectors, we should
take Q to be invertible, since otherwise we could diagonalize Q and end up with a theory
defined with less Killing vectors. E.g. in the case at hand, taking Q to have 2 zero
eigenvalues, would lead to Romans’ theory compactified over a 2-torus.
2.2 Dimensional Reduction
We start by reducing the massive gauge parameters, the massive gauge transformations of
the fields (whose definitions are the same as in the massless case) and the field strengths.
We first make the following definitions inspired by SO(3) gauge theory (see Appendix A)
of which A2m is going to play the role of gauge field:
fmn
p ≡ ǫmnqQqp , σmn = Λ2 pfpnm . (2.8)
We are also going to use the definitions of SO(3) gauge covariant derivative that can be
found in that appendix. We get


ˆˆ
λ(m)µ = −ΛnµQnm ,
ˆˆ
λ(m)n = σ
m
n .
(2.9)
The massive gauge transformations are
11
δMmn = −Mpnσpm −Mmpσpn ,
δA1m = σmnA
1n −QmnΛn ,
δA2m = DΛ2m ,
δBm = 2∂Λm − Bnσnm + 2∂σqm(Q−1)qnA1n ,
δC = 3∂Λ(2) − 3∂σmn (Q−1)mpA1 nA1 p − 6Λm∂A1 m.
(2.10)
We see that there are two kinds of massive gauge transformations: those generated by
the 1-form parameters Λm which are standard massive gauge transformations that shift
the vectors A1m so they can be completely gauged away, and those generated by the scalar
parameters Λ2m that take the form of SO(3) gauge transformations in a non-standard
basis (see Appendix A).
The gauge-covariant field strengths are
G = 4∂C + 6F 1mBm − 3BmQmnBn ,
Hm = 3∂Bm + 3ǫmnpF
1nA2 p ,
F 2m = 2∂A2m − fpqmA2 pA2 q ,
F 1m = 2∂A1m +QmnBn ,
DMmn = ∂Mmn + fpmqA2 pMqn + fpnqA2 pMmq ,
(2.11)
where the F 1m appearing in G and Hm is the massive one.
The field strength of A2m is just an SO(3) gauge field strength while the field strength
of the scalar matrix Mmn is the SO(3) gauge covariant derivative of an object with two
covariant vector indices. The field strength of A1m has a different form, typical of massive
theories and it is ready to give mass terms (a mass matrix) for the 2-forms Bm when the
A1ms which are nothing but Stu¨ckelberg fields for the Bms, are gauged away. The field
strength of Bm could also be written in this way
Hm = 3DBm + 6ǫmnp∂A1nA2 p . (2.12)
The first term is the SO(3) gauge covariant derivative of an SO(3)-covariant object (anti-
symmetrized, as usual in all three lower indices). The second term restores the invariance
under Λm transformations which is broken in the covariant derivative term.
Thus, all field strengths are invariant under Λm transformations and covariant under
Λ2m (i.e. SO(3)) transformations
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δHm = −Hnσnm ,
δF 1,2m = σmnF
1,2n ,
(2.13)
except for G, which is invariant.
Let us have a look at the part of the 11-dimensional massive theory that, naively, will
lead to the potential for the Sl(3,R)/SO(3) scalar fields. This term is easily found to be
√
|ˆˆg|
[
1
2
(
ˆˆ
k(n) ˆˆµQ
nm ˆˆk(m)
ˆˆµ
)2
−
(
ˆˆ
k(n) ˆˆµQ
nmˆˆk(m) ˆˆν
)2]
=
=
√|gE| {12e−ϕ [Tr (QM)]2 − 2Tr (MQMQ)} .
(2.14)
The two terms in the eleven dimensional Lagrangian that are modifying the field
strengths of the objects coming from the metric are,
1
2
√
|ˆˆg|
(
d
ˆˆ
k(n)
)
ˆˆµˆˆν
Qnm
(
iˆˆ
k(m)
ˆˆ
C
)ˆˆµˆˆν
=
=
√|gE|
{
−1
2
e−ϕ (dA1 n)µνMnpQpmBµνm + ǫqmrQmn (∂µM ·M−1)n q A2 r µ
}
,
(2.15)
and the contorsion
−
√
|ˆˆg| ˆˆK ˆˆµˆˆνˆˆρ ˆˆK ˆˆµˆˆνˆˆρ =
√|gE| {−14e−ϕBmµν(QMQ)mnBnµν
+1
2
[(QMQ)mvMpxǫpmsǫxuw +QpvQmxǫpmsǫxvw]A2 sµA2wµ
−1
4
eϕ a2 [(QMQ)msMruMpvǫrpmǫuvs − 2QmnQspMruǫmprǫnsu]
}
.
(2.16)
It can be seen that the terms in Eq. (2.15) and the first two terms in Eq. (2.16)
combine in just the right way with the F 1 n and the ∂MM−1 terms in Eq. (1.15), as to
promote them to their gauge-covariant equivalents in Eq. (2.11).
Note that one also finds a potential for a, which however can be rewritten as
+
√
|gE| 12eϕa2
{
[Tr (QM)]2 − 2Tr (QMQM)} , (2.17)
so that it can be combined with the result in Eq. (2.14) to complete the potential for the
scalars in the d = 8 theory as
V = −1
2
|τ |2
ℑm(τ)
{
[Tr (QM)]2 − 2Tr (QMQM)} . (2.18)
13
The complete d = 8 massive action can be written as
S =
∫
d8x
√|gE|
{
RE +
1
4
Tr (DMM−1)2 + 1
4
Tr (∂WW−1)2
−1
4
F imMmnWijF j n + 12·3!HmMmnHn − 12·4!e−ϕG2 − V
− 1
63·24
1√
|gE |
ǫ
[
GGa− 8GHmA2m + 12GGm(2)Bm − 16HmGm(2)C
−8G∂aC − 8ǫmnpHmHnBp + 2HmQmnBn (Ca + 6BpA2 p)
−3BmQmnBn
(
Ga + 2HmA
2 m + 3BmG
m
(2) + 2C∂a
)
+4Cfpq
mA2 pA2 qHm − 12CfpqmA2 pGq(2)Bm
+3
2·11
2
(BnQ
nmBm)
2 a− 22·33·11
5
BnQ
nmBmfpq
rA2 pA2 qBr
]}
,
(2.19)
where we have introduced the abbreviation
Gm(2) = F
2 m + aF 1 m . (2.20)
This is evidently a set of SO(3)-gauged theories (a different gauged theory for each
choice of non-singular mass matrix Qmn; the SO(3) gauge symmetry is lost for singular
choices of mass matrix), the vectors A2m associated to 11-dimensional membranes wrapped
in 2 cycles of the internal T 3 playing the role of SO(3) gauge fields. At the same time
these are theories with massive fields: we find explicit mass terms for the 3 Bms of the form
BmQ
mnBn. Some of these terms are implicit in squares of the A
1m vector field strengths.
These vectors can be completely gauged away (“eaten” by the 2-forms) and play the role
of Stu¨ckelberg fields. In other words: in the physical spectrum of the theory there are
no quantum excitations associated to those vector fields and the quantum excitations
associated to the 2-forms are massive.
We can wonder how this can happen in supergravity theories since all the fields in the
supergravity multiplet should have the same mass (zero). The reason why is that super-
symmetry is partially and spontaneously broken: massive supergravity theories as formally
invariant under a certain modification of the full supersymmetry transformations of the
massless theory. However, the vacuum of these theories breaks part of the symmetry and
in that vacuum the supergravity multiplet becomes reducible into a massless supergravity
multiplet and massive matter multiplets. In this case, the theory is written in a form in
which all the gauge symmetries of the massless theory are formally present, but in the vac-
uum those symmetries responsible for the masslessness of the 2-forms are spontaneously
broken.
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This set of theories transforms into itself under global Sl(3,Z) transformations and
therefore they are an Sl(3,Z) multiplet of theories.
At this point it is important to compare this set of theories with the d = 8 SU(2)
gauged supergravity of Salam and Sezgin [10]. To make the comparison easier we can
first use a mass matrix proportional to the identity, the proportionality constant being the
coupling constant g. We can immediately see that the kinetic terms in their action are
identical to those in our action Eq. (2.19) up to the redefinition ϕSS = −ϕours but with
the roles of the vector fields A1m and A2m reversed. The second difference we see is in the
potential, which in their case (but in our notation) we can write in the form
VSS = 1ℑm(τ)V(M) ,
Vours = |τ |
2
ℑm(τ)V(M) ,
V(M) = −1
2
g2
{
(TrM)2 − 2Tr (M2)} .
(2.21)
These two potentials and the vectors A1m and A2m are related by the Sl(2,Z) trans-
formation
Λ =

 0 1
−1 0

 , (2.22)
according to the rules Eqs. (1.29,1.32).
3 Vacua
In this Section we want to study the simplest vacuum of the theory, the one which pre-
sumably preserves more supersymmetry. A more detailed study of the vacua of this theory
will be presented elsewhere.
The scalar potential of this theory is Sl(3,R) symmetric but completely breaks the
Sl(2,R) global invariance of he massless theory. The factor V(M) has the typical form
of a potential for the Sl(3,R)/SO(2) fields and acts as a sort of Romans-like mass term
for a. It is reasonable to expect that the simplest vacua will be those that minimize the
factor V(M) and thus we will assume that V(M) has a minimum for some constant values
M =M0, the value of V(M) at this minimum being denoted by V0. Further we will take
a = 0 (the invariance under constant shifts of a is broken and we cannot simply take any
constant value as in the massless case). We are left with non-trivial metric and ϕ field
with potential V0e−ϕ. The only equations of motion that remain to be solved are
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Rµν +
1
2
∂µϕ∂νϕ +
1
12
V0e−ϕgµν = 0 ,
∇2ϕ+ 1
2
V0e−ϕ = 0 .
(3.1)
It is clear that, unless V0 = 0 Minkowski spacetime is not going to be a solution. In fact
these equations are almost identical to those appearing in Romans’ 10-dimensional theory.
This is not surprising since our theory contains the dimensional reduction of Romans’.
Thus, we can look for a solution similar to the 10-dimensional D8-brane, i.e. a domain-
wall-type solution. Choosing the coordinate system in which the solution takes a simpler
form, we find
ds2 = (z/ℓ)2/3 gijdy
idyj − dz2 ,
eϕ = V0z2 ,
(3.2)
where i, j = 0, . . . , 6 and ℓ is an integration constant with dimensions of length and gij is
any Ricci-flat metric depending on the domain-wall worldvolume coordinates yi.
It should be clear that this solution is not the dimensional reduction of the D8-brane
since the internal metric corresponding to this solution is isotropic whereas the internal
metric of the D8-brane reduced to 8 dimensions is not.
It would be interesting to find the unbroken supersymmetries of this solution but the
supersymmetry transformation rules of this theory are not available yet.
More complicated vacua (in particular the reduced D8-brane) can be found using a
given parametrization of the Sl(3,R)/SO(3) coset representative and will be presented
elsewhere.
4 Conclusions
Following a recent observation made by Cowdall [6] that the 9-dimensional massive super-
gravity given in [5] contained the d = 9 N = 2 gauged supergravity, we have investigated
the relation between massive and gauged supergravities in eight dimensions. Starting from
a proposed eleven dimensional massive supergravity theory [2, 5], we derived, by normal
dimensional reduction, an eight dimensional massive theory. The resulting massive theory
can be interpreted as a gauged symmetry, since it is invariant under local SO(3), which is
the R-symmetry of the corresponding supertranslation algebra, transformations. Compar-
ing this theory with the known N = 2 d = 8 gauged supergravity theory found by Sezgin
and Salam [10], we find striking resemblance 8-dimensional S duality relates the axidilaton
τ and the gauge fields of the two theories. The theory found in this paper is then inter-
preted as the bosonic sector of the gauged supergravity theory one would have found if
one had gauged the 3 vector fields associated to wrapped membranes instead of the 3 KK
vector fields (Salam and Sezgin’s choice). Even though, in order to prove completely that
we have obtained the bosonic sector of a gauged supergravity theory, we need to include
16
the fermions and find the supersymmetry rules. It is very reasonable to expect that both
things can be done.
What are the implications of this result for the massive 11-dimensional supergravity
theory of Refs. [2, 5]? We think we have shown that this theory is, at the very least, an
effective tool from which to obtain lower-dimensional massive supergravities that cannot
be obtained either by standard or by Scherk-Schwarz generalized dimensional reduction.
These theories seem to have in common gauge vector fields associated to the 11-dimensional
3-form but their more important feature is the they are related by some sort of lower-
dimensional S duality transformations to those theories that can be obtained by more
standard methods.
A possible interpretation of these results can be proposed based on experience in the
construction of new solutions using the mechanism reduction-S dualization-oxidation in the
cases in which the reduced theory has an S duality symmetry that the original higher dimen-
sional theory lacks. The best-known example of the use of this mechanism is the construc-
tion of the KK-monopole [15, 16] starting from the plane-wave solution in 5-dimensional
gravity: the plane-wave solution is reduced in the direction in which it propagates and
then S dualized using the electric-magnetic duality symmetry present in d = 4 (but com-
pletely absent in the 5-dimensional theory!). Finally, it is oxidized back to d = 5 only to
find that the new solution generated in this way (the KK monopole) does not want to be
decompactified and can only live in a 5-dimensional space with a compact dimension. It
is possible to construct more solutions using this mechanism and in general one finds that
they have a number of dimensions that cannot be decompactified [14].
In Refs. [2, 5] it was argued that the massive 11-dimensional supergravity proposed in
them could be interpreted as the 11-dimensional supergravity one gets if one places KK9-
branes (referred to as M9-branes in Ref. [17]) in the vacuum. The proposed KK9-branes
are objects which necessarily live in 11-dimensional spacetime with 1 compact dimension.
On the other hand, being (d − 2)-branes, they are associated to mass parameters in the
action that can be interpreted as field strengths. As soon as these mass parameters are
non-vanishing in the action, one can say that the vacuum contains the corresponding
(d − 2)-branes. This is different from lower-dimensional branes: the presence of the field
strengths of the potentials to which they couple does not imply that they have to have non-
trivial values and there are vacuum solutions (Minkowski spacetime, say) in which these
field strengths vanish. Thus, if the 11-dimensional vacuum contains KK9-branes, then we
expect mass parameters in the action as well as explicit Killing vectors, since these objects
break 11-dimensional Poincare´ invariance forcing one dimension to be compact.
It is clear from all this that the KK9-branes (or, perhaps, objects with more isometric
dimensions) are produced when the reduction-S dualization-oxidation mechanism is used
on 11-dimensional supergravity. The resulting theory, which we have called massive 11-
dimensional supergravity cannot be decompactified.
Clearly more work is needed to confirm the interpretation of the massive 11-dimensional
supergravity put forward here. In particular one would like to prove that the theory (or
the family of theories one gets with N Killing vectors and arbitrary mass matrices) can be
supersymmetrized directly in eleven dimensions even if under the condition of the existence
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of N isometries. It would also be very interesting to see if these further straightforward
generalizations to N Killing vectors lead to new gauged supergravities in lower than 8
dimensions. Especially the case with 6 Killing vectors should be interesting since then we
could compare it to type IIB compactified on S5. Work in these directions is in progress.
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A SO(3) in a Non-Standard Basis
The standard basis for the Lie algebra of SO(3) with anti-Hermitean generators {Tm},
m = 1, 2, 3 is such that
[Tm, Tn] = ǫmnpTp , (A.1)
so the structure constants are given by fmn
p = ǫmnp. The Killing metric for the adjoint
representation Adj (Tm)
p
n = ǫmnp is just
Kmn = Tr [Adj (Tm) Adj (Tn)] = −2δmn . (A.2)
Let us now perform a change of basis and compute the new structure constants:
T ′m = Rm
nTn , [T
′
m, T
′
n] = Rm
rRsnǫrspTp = detRǫmnq
(
R−1
)
p
q
(
R−1
)
p
rT ′r , (A.3)
where we have used that R is an arbitrary non-singular matrix. Thus
fmn
p = ǫmnqQ
qp , Qqp = Qpq = detR
(
R−1
)
s
p
(
R−1
)
s
q . (A.4)
The Killing metric in the new basis is simply related to the symmetric matrix Qmn by
Kmn = detQ (Q
−1)mn . (A.5)
Fields in the fundamental (vector or adjoint) representation of SO(3) behave under
infinitesimal transformations with parameter
σmn ≡ σp (Tp)m n = σpfpnm = σpǫpnqQqm , (A.6)
either contravariantly or covariantly
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

δψm = σmnψ
n ,
δξm = −ξnσnm ,
(A.7)
and their covariant derivatives are defined by11


Dµψm = ∂µψm − fnpmAnµψp ,
Dµξm = ∂µξm + fnmpAnµξp ,
(A.8)
where the gauge field transforms according to
δAmµ = Dµσm = ∂µσm − fnpmAnµσp . (A.9)
The gauge field strength is given by
Fmµν = 2∂[µA
m
ν] − fnppAnµApν = 2∂[µAmν] −QmqǫnpqAnµApν . (A.10)
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